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can thus explain the magic numbers of the mass spectrum, but not
the size-dependence of Tmelt and q.
For large sodium clusters of several thousand atoms, geometrical
shell closings can explain the intensities in a mass spectrum9. But
smaller clusters could also have an icosahedral structure, and
although this does not show up in the mass spectrum, it might
well have an influence on the cluster melting points. There is an
icosahedral shell closing at 147 atoms, and indeed the latent heat has
a pronounced maximum in this region. However, it is not possible
to explain all the observed features by geometrical models, either by
the icosahedral structure mentioned above, or by the modified
pentagonal bipyramid structures favoured by gold clusters in this
size range15. Thus geometrical shell closing arguments cannot
explain the size dependence of either Tmelt or q.
We therefore conclude that the size dependence of melting-point
temperature and latent heat of fusion cannot be explained by one
simple argument. There is probably a complicated interplay
between geometric and electronic structure, presenting a challenge
M
for theory.
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Early theoretical work on single-walled carbon nanotubes1–3
predicted that a special achiral subset of these structures known
as armchair nanotubes3 should be metallic. Tans et al.4 have
recently confirmed these predictions experimentally and also
showed directly that coherent electron transport can be maintained through these nanowires up to distances of at least 140 nm.
But single-walled armchair nanotubes are one-dimensional conductors with only two open conduction channels (energy subbands in a laterally confined system that cross the Fermi level)1–3.
Hence, with increasing length, their conduction electrons ulti† Permanent address: Code 6179, Naval Research Laboratory, Washington DC 20375, USA.
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mately become localized5 owing to residual disorder in the tube
which is inevitably produced by interactions between the tube and
its environment. We present here calculations which show, however, that unlike normal metallic wires, conduction electrons in
armchair nanotubes experience an effective disorder averaged
over the tube’s circumference, leading to electron mean free paths
that increase with nanotube diameter. This increase should result
in exceptional ballistic transport properties and localization
lengths of 10 mm or more for tubes with the diameters that are
typically produced experimentally6.
Once physisorbed on a surface, even an initially perfect metallic
carbon nanotube is disordered because of residual interactions with
the substrate. In general, for such long thin conductors at zero
temperature, the theory of transport through weakly disordered
materials predicts a transition to a localized regime (where the
resistance R is exponentially large) around a wire length where R
reaches a value of one quantum resistance unit7, r ¼ h=2e2 . Deep
within the localized regime the resistance increases exponentially
with length L as RðLÞ,eL=y , where y is the localization length for
electrons in the disordered wire8. For wires with NC open conduction channels, y is given within a factor of order unity by y ¼ N C l
(refs 9, 10) where l is the elastic mean free path for backward
electron scattering. Hence for wires with N C q 1, the motion of the
electron on the scale of y is largely diffusive, but for weakly
disordered, small-diameter armchair nanotubes, which have
N C ¼ 2, this motion is largely ballistic. This analysis suggests
immediately that any observable quantum transport through
these nanotubes is also ballistic.
For a fixed amount of disorder, as the transverse size of a normal
metallic quantum wire increases l remains largely fixed but y
increases due to the introduction of new channels at the Fermi
level, eF (see ref. 10 and refs therein). However, this behaviour does
not lead to long localization lengths in armchair carbon nanotubes
because NC remains pinned at two. We will show, however, that for a
fixed amount of disorder as the radius of a small-diameter armchair
tube increases, l does not remain fixed but rather increases leading
to long localization lengths. We will also show that this remarkable
behaviour arises because of the special character of the armchair
states close to eF in the perfect tube and hence does not depend
crucially on the details of the disorder.
To study the effects of disorder on the transport properties of
armchair nanotubes we adopt the usual tight-binding model which
retains only the nearest neighbour p-like hamiltonian matrix
elements between | p'i orbitals (one per carbon atom) orientated
normal to the tubule surface1,3. Local density-functional calculations have established that this model, with all diagonal matrix
elements fixed at eF and all non-zero off-diagonal matrix elements
fixed at V 0 ¼ 2 2:7 eV provides an excellent description of the
valence bands of perfect armchair carbon nanotubes in the vicinity
of eF (refs 1, 11). The effects of disorder can then be incorporated
into the model (referred to here as the ‘full model’) by assuming that
these diagonal and off-diagonal matrix elements are not fixed at
their values in the perfect tube but are independent random
variables with variances j2e and j2V , respectively.
In the absence of disorder, the full model yields 2NB bands as a
function of the quasi-momentum k that labels an eigenstate of the
helical screw operator S(v0,z0) used to generate the [NB,NB] armchair tube by starting with a single ring, such as highlighted in Fig.
1a, and then rotating this ring by v0 ¼ p=N
pB radians around the
tubule axis followed by a translation z0 ¼ ð 3=2Þd0 along this axis11.
Each ring contains 2NB carbon atoms and has a radius
r T ¼ ð3d0 =2pÞN B , where NB is the number of C–C bonds in the
ring and d0 ¼ 0:142 nm is the C–C bond distance. The a1 and a2
bands that cross at kF ¼ 2p=3 are present in all armchair tubules1.
These two bands are highlighted in Fig. 1b for the [10,10] tube. In
the absence of disorder, symmetry can be used to block diagonalize
the full model to the point that the a1 and a2 bands are described
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exactly (within an unimportant constant) by the hamiltonian:
"

2

H0 ¼ V 0

^ð 2 1Þ

ðjþ1Þ

j¼1

#

^½ja

jm

i hajm j þ ðjajm i hajðmþ1Þ j þ H:c:Þÿ

ð1Þ

m

where | a1mi (| a2mi) denotes the a1 (a2) state constructed from
rotationally invariant—under CNB rotations—symmetric (antisymmetric) sums of | p'i orbitals for each of the NB pairs of nearest
neighbours in the 2NB atom carbon ring labelled m and H.c. is the
Hermitian conjugate.
Breaking the symmetries used to derive equation (1), disorder
introduces additional couplings not only between the states making
up the a1 and a2 bands but also between these states and states
making up the other 2ðN B 2 1) bands present in the full model.
However, for small-diameter tubes these other bands are separated
by at least 6pV0/NB from eF. Hence, if the disorder is not too severe
and rT not too large, we should still be able to work entirely within
the reduced basis that describes the a1 and a2 bands. With this
approximation we arrive at a two-band model for studying the
transport properties of small-diameter, weakly disordered armchair
nanotubes at and around eF. The hamiltonian describing this
reduced model is given by H ¼ H 0 þ U, where U is the projection
onto the reduced two-band basis of the perturbation introduced by
the disorder into the full model.
In its most general form H is given by:
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of equation (4) requires that the two-band model is valid and hence
that the disordered diagonal and
off-diagonal
p
p matrix elements of H
have standard deviations (je = N B , jV = N B ) that are small with
respect
to p
pjV 0 j=N B ¼ 3jV 0 jd0 =2r T
or
equivalently
maxðje ; jV Þ p 3pd0 =2r T jV 0 j. Hence, if the disorder—measured
by maxðje ; jV Þ—is not too severe and rT not too large, equation (4)
should be valid. But for small-diameter residually disordered tubes
this constraint, which prevents the a1 and a2 states at eF from mixing
appreciably with the other bands of the full model, should be
satisfied. In particular,
p for the [10,10] tube it becomes,
maxðje ; jV Þ p pjV 0 j= 10 ¼ 2:7 eV.
Equation (4) predicts that weakly disordered small-diameter
armchair tubules differ fundamentally from normal metallic wires
which have electron mean free paths along the wire independent of
the wire’s transverse size. In a normal metallic wire the disorderinduced variance of the hamiltonian matrix elements between
transverse wire states will contain a factor analogous to N−1
B for
the tube. However, in such a wire the number of open conduction
channels, NC, at eF will grow as NB and hence so too will the total
density of states, making l independent of the wire’s transverse size.
In contrast, for armchair nanotubes, NC is fixed at two, the density
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ization of the ring states. The matrix elements Vpqmn
are defined by
ij
V pqmn ¼ hpq; ijH T jmn; ji, where | mn;1i (| mn;2i) denotes the | p'i
orbital associated with the carbon labelled 1 (2) in the C–C bond
labelled n modulo NB in the ring labelled m. In this notation the C–
C bond defined by n and m9 is located by rotating and translating
the two carbon atoms in the C–C bond defined by n and m by
(m9 2 m) applications of S(v0,z0). Finally, HT denotes the full model
hamiltonian in the presence of disorder. Hence the disorder introduced into HT manifests itself in H as averages of the matrix
elements of HT over the number of carbon bonds in a ring.
For the two-band model in the weak scattering limit l is given
with the aid of Fermi’s golden rule by:
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wherepl is measured in number of rings along the tube,
vF ¼ 3jV 0 j=~, h…i denotespan
 ensemble average over the disordered potentials, jkjF i ¼ ð1= N ÞSm eimkF jap
i with kF ¼ 2p=3, H is
jm 
defined by equation (2), and rðeF Þ ¼ N=2p 3jV 0 j is the density of
back scattered states at eF for either the a1 or a2 bands for a tube
containing N rings in the limit of large N. Equation (3) yields:
l¼
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Figure 1 Geometry and band structure of the [10,10] armchair nanotube. a, A
segment of the [10,10] armchair tubule with a planar 20-atom carbon ring

In arriving at equation (4) we have repeatedly used the relation
B
hð1=N 2B ÞSNi;j¼1
½ðxi 2 x0 Þðxj 2 x0 Þÿi ¼ j2x =N B valid for independent
random variables xi with average x0 and variance j2x. The derivation
NATURE | VOL 393 | 21 MAY 1998

containing 10 C–C bonds that can be used to generate the entire tubule depicted
in grey. b, Band structure of the perfect [10,10] tubule within the full model. The a1
and a2 bands which cross at eF (;0.0 eV) are depicted as heavy lines.
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of states does not contain the compensating factor for N−1
B , and l will
grow as NB. Equation (4) also predicts the small-diameter, weakly
disordered armchair nanotubes—with NC pinned at 2—will have
localization lengths (given by y < N C l) that are comparable to those
in similarly disordered normal wires with similar Fermi velocities
but with N C ¼ 2N B . Finally, equation (4) predicts that residually
disordered tubes will show ballistic electron transport over unprecedented distances for such laterally confined systems. This follows
because the chemical and mechanical stability of the tube make j2e
and j2V small, the strong C–C interaction makes | V0 | large, and the
special character of the armchair states at eF enhances l by a factor of NB.
As an example of the last prediction, we consider a positionally
disordered tube (je ¼ 0 eV, jV Þ 0 eV) where the C–C bond
lengths vary according to a rectangular probability distribution by
as much as 61% of d0. Because the off-diagonal matrix elements of
the full model should change with C–C bond length as in
polyacetylene1 (dV ¼ add with a < 47 eV nm−1), jV will be
,0.04 eV. Equation (4) then yields l ¼ 3:7 mm (y < 7:5 mm) for
V 0 ¼ 2 2:7 eV and N B ¼ 10. As an additional example, we consider a substitutionally disordered tube (je Þ 0 eV, jV ¼ 0 eV)
where the probability of finding an impurity with potential ea is
given by P. If the impurities correspond to nitrogen atoms
by 10 nm along the
(ea ¼ 2 2:5 eV; ref. 12) separated on average
p
[10,10] tube (P ¼ 6:0 3 10 2 4 ), then je ¼ Pð1 2 PÞjea j ¼ 0:06 eV
and equation (4) yields l ¼ 7:5 mm (y < 15 mm) for V 0 ¼ 2 2:7 eV
and N B ¼ 10.
Substrate interactions are not expected to significantly flatten
tubes such as the [10,10] (ref. 13). In addition, twists along the tube
are unlikely to be produced by its van der Waals interaction with the
substrate. On the other hand, bends caused by nanometre- (or
larger-) scale substrate features can occur and could limit l (ref. 4).
The principal effect of a bend will be to shift the inter-ring matrix
e in equation (2). However, for
elements contributing to V m and V
m
every such matrix element in the full model that is increased by a
small amount by the bend there is a corresponding one decreased by
approximately the same amount, leaving V̄m and Ṽm largely
unchanged. Thus, bends result in little if any scattering of the
conduction electrons14 and small-diameter armchair nanotubes
should behave as true electron waveguides.
The unconventional scaling rule proposed here predicts exceptional ballistic transport properties for single-walled weakly disordered armchair nanotubes. This prediction can be understood in
physical terms as follows. In the weak scattering limit, electrons
injected at eF enter ring states making up the a1 and a2 bands that are
rotationally invariant under CNB rotations about the [NB,NB] tubule
axis. For small-diameter tubes, scattering of these conduction electrons by the disorder is only between ring states of this symmetry due
to energy conservation. However, any linear combination of these ring
states extends around the full circumference of the tube. Thus, the
closest we can come to a classical picture of a nanotube conduction
electron in the two-band basis is a doughnut-like wave packet
confined along the tube but extended around its circumference.
This ‘doughnut’ wave packet experiences an effective disorder that is
an average of the real disorder over the tube’s circumference (~NB).
The mean square amplitude of this effective disorder is then reduced
relative to that of the real disorder by a factor of NB whenever the
real disorder fluctuates on the scale of a carbon–carbon bond
length. Hence—so long as the two-band model remains valid—
the larger the tube’s diameter grows, the greater the reduction and
the more freely the ‘doughnut’ wave packet propagates along the
tube leading to an enhancement of l by a factor of NB. For [10,10]
nanotubes which have N B ¼ 10, this enhancement is large, affording the opportunity for directly observing ballistic electron transport over unprecedented distances for such laterally confined
systems4. We do not expect that electron–electron interactions
will alter this conclusion because spin-split states should still
M
average the disorder over the circumference of the tube.
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Materials that can in principle exhibit both superconductivity and
ferromagnetism are caught in a dilemma: both states represent
long-range order, but are in general mutually exclusive. When the
material favours a ground state with a large magnetic moment, as
is the case for Er4Rh4B (ref. 1), superconductivity is destroyed. For
superconductivity to persist, the magnetic structure would need
to adopt an antiferromagnetic modulation of short enough
wavelength to ensure a small net moment on the length scale of
the superconducting coherence length. The intermetallic borocarbide superconductors2–4 RNi2B2C (where R is a rare-earth
element) have shed new light on this balance between magnetism
and superconductivity. The response of these materials in the
superconducting state to a magnetic field is dominated by the
formation of a flux-line lattice—a regular array of quantized
magnetic vortices whose symmetry and degree of order are easily
modified and thus can be expected to interact with an underlying
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